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Abstract

Neutrons and light ions have been shown to make large contributions to space
radiation dose equivalent for realistic shielding scenarios. However, there are
considerable uncertainties in the calculation of light ion production. Efficient
and accurate calculation of light ion double-differential cross sections are re-
quired for input into space radiation transport codes. A thermal proton cross
section model is developed which includes proton production from the 3 sources
of projectile, central fireball, and target. It is shown that this 3-source model is
able to explain the low-momentum, small-angle shoulder seen in proton spec-
tra. Using the coalescence model, the thermal proton model is used to calculate
light ion double-differential cross sections for use in space radiation transport
codes. The 3-source model is also seen to be essential to explain the light ion
shoulders, which are even more pronounced than the proton shoulders. Exten-
sive comparisons between models and experimental measurements are shown
and necessary future work is discussed.

1 Introduction

Light ions are defined to be isotopes of Hydrogen (H) and Helium (He); ions heavier
than He are called heavy ions. Recent work [1, 2] has shown that neutrons and light
ions provide the dominant contribution to space radiation dose equivalent for realistic
spacecraft shielding of about 20 g/cm2 or more. This is in contrast to thinly shielded
regions of about 5 g/cm2 or less, where the dominant contribution comes from high linear
energy transfer (LET) heavy ions.

Given the importance of neutrons and light ions, there have been several studies that
compare neutron and light ion production obtained by different transport techniques
[3, 4]. The largest differences between various different transport codes occurs for light
ion production. Furthermore, measurements of light ions on the Martian surface with the
MSLRAD instrument show large differences between measurements and transport codes
[5]. Therefore, light ion production represents the largest physics uncertainty in space
radiation studies.

Neutrons and light ions are also special in that they scatter at large angles as they
undergo transport within spacecraft shielding. High energy heavy ions, however, typ-
ically continue moving in the forward direction due to their large forward momentum.
One-dimensional transport codes [6] employing the straight-ahead approximation have
been used successfully to describe the transport of high energy heavy ions. However,
this approximation fails for large angle scattering of neutrons and light ions, and special
three-dimensional transport codes have been developed to calculate neutron and light ion
transport through spacecraft [7, 8, 9, 10, 11].
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Nuclear interaction cross sections are the fundamental input to transport codes. Cross
sections are proportional to the probability of particle production in nuclear reactions.
For example, an Iron (Fe) galactic cosmic ray (GCR) nucleus may strike an Aluminum
(Al) spacecraft wall with the production of alpha (α) particles (i.e. 4He nuclei). A cross
section is proportional to the number of α particles produced. Total cross sections, σ
(describing the total number of particles produced), and energy single-differential cross

sections, dσ
dE (describing the total number of particles produced at various energies E),

are used in one-dimensional transport of heavy ions. However, due to the large angle
scattering of neutrons and light ions, the type of cross section required is an energy-angle

double-differential cross section, d2σ
dEdΩ (describing the total number of particles produced

at various energies E and at various angles Ω). Three-dimensional transport codes used
for transporting neutrons and light ions require total cross sections, σ, single-differential

cross sections, dσ
dE , and double-differential cross sections, d2σ

dEdΩ , as input.
Transport codes are typically either deterministic or stochastic, with the latter relying

on Monte-Carlo (MC) techniques. NASA employs deterministic codes, such as HZETRN
and 3DHZETRN, because they run much faster than MC codes and can therefore be
utilized much more efficiently for spacecraft design and real-time evaluation of space
radiation environments. These fast deterministic codes require the fast and efficient cal-
culation of nuclear interaction cross sections. Cross sections can also be evaluated to a
high degree of accuracy with MC techniques, but these are often too slow to be useful for
deterministic transport and special fast parameterizations are often developed for cross
section calculations [12].

The present work seeks to develop model calculations of double-differential cross section
parameterizations for light ion production in high energy nuclear collisions of relevance to
space radiation protection. The parameterizations are developed with the goal of fast and
efficient cross section calculations that can be used in fast, deterministic three-dimensional
transport codes. The models will then be compared to some of the available experimental
data.

One might suppose that the large light ion discrepancies among transport codes, and
between transport codes and MSLRAD measurements are due to the light ion cross sec-
tion models used in the transport. The way to test this is to compare light ion cross
section model calculations (such as those developed herein) to light ion cross section data
measured at nuclear accelerators. A comprehensive study has been made of the available
cross section data [13, 14, 15] that is relevant for space radiation. It was found that while
there seems to be adequate data for heavy ions, the largest and most significant gaps were
found for double-differential light ion cross sections, i.e. precisely those most needed for
space radiation!
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1.1 Light ion sources

In a high energy nucleus-nucleus collision the projectile and target nuclei collide and
form a central fireball overlap region as shown in Figure 1, together with deformed and
excited projectile and target pre-fragments, which decay into lighter fragments. This
overall picture is often called the abrasion-ablation model [16]. The projectile and target
fragments are often referred to as spectator fragments. The fireball region, often called
the central or participant region, is generally very hot and contains excited baryons1 and
mesons.

The fireball decays quickly with the emission of pions, other mesons, and baryons
such as neutrons, protons and other particles. The cooler excited projectile and target
pre-fragments decay more slowly, generally by emitting nucleons, which may coalesce into
light ions. In a high energy collision, the projectile pre-fragment is typically moving at the
same speed as the original projectile. The target pre-fragment also moves, but an often-
used approximation is to consider it stationary in the lab frame. There are therefore
3 different sources of particles, the projectile and target pre-fragments and the central
fireball. Each of these 3 sources can produce the same type of particle that eventually
reach particle detectors in the lab frame (or an astronaut’s body in a spacecraft).

Many early works in theoretical heavy ion physics considered only contributions from
either projectile fragmentation or central fireball emission. One of the first studies that
considered adding contributions from both the projectile and central fireball was per-
formed by Auble et al. [17]; however, target contributions were not taken into account.
Up to now, for reactions with heavy ion projectiles, the set of HZETRN transport codes
have included particles produced in the projectile frame only and have ignored any con-
tributions from the central fireball and included only minor effects from the target.

1.2 Fireball physics

This sub-section examines issues that arise in determining the speed of the fireball; it will
be shown that light ion cross section fireball contributions cannot continue to be ignored.

1.2.1 Fireball speed

Knowledge of the fireball’s speed is essential to performing Lorentz-transformations of
cross section model calculations from the fireball frame to the lab frame in which mea-
surement data are listed. Relevant Lorentz-transformations are discussed in sections 3.1
and 7.

1The fundamental particles are called quarks and leptons from which all other non-dark particles
in the universe are constructed. Electrons, muons and neutrinos are examples of leptons. Quarks join
together in 2 quark (meson) and 3 quark (baryon) combinations. The lightest 3 quark combinations are
the proton and neutron. The lightest 2 quark combination is called a pion, or pi (π) meson. There are
several hundred known heavier baryons and mesons. Baryons and mesons are collectively called hadrons.
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What is the central fireball speed? This would seem to be a question with a simple
answer, yet there are a variety of possible approaches listed below:

• Nucleus-nucleus center-of-momentum (AAcm) frame: The simplest approach would
be to use the AAcm frame as the fireball rest frame, with the speed of the fireball
being identical to the speed of the AAcm frame.

• Nucleon-nucleon center-of-momentum (nncm) frame: In the thermal model devel-
oped by Nagamiya et al. [18], the kinetic energy of the emitted particle (proton
or pion) is evaluated in the nncm frame; i.e., the speed of the central fireball is
identical to the speed of the nncm frame. The same approach is used in the present
work. The reactions studied in the present work are Ar + KCl and C + C. In these
cases, the nncm frame is the same as the AAcm frame, because the projectile and
target have equal mass numbers.

• Abrasion-ablation model: Using the abrasion-ablation model, one can determine
the number of nucleons in the participant (fireball) region from a knowledge of
the impact parameter. Therefore, the fireball speed becomes a function of impact
parameter, which is averaged when calculating cross sections [19].

• Fitting to data: Auble et al. [17] developed a model involving both projectile and
fireball contributions to cross sections, and performed a parameter optimization to
obtain the best data fit. In this approach, the spectator and participant speeds were
determined from the best fit to the data.

The approach used in the present work is to take the central fireball speed to be identical
to the speed of the nncm rest frame, as in the study of Nagamiya et al. [18]. Future work
(see section 5) will investigate alternative approaches.

1.2.2 Fireball contributions

HZETRN has always ignored contributions from the fireball. It will now be shown that
this is not justified.

As shown in Figure 1, the projectile will continue to move forward at high speed after
colliding with the target, while the target will remain close to rest. The speed of the
fireball will be intermediate between these two. Questions that arise are:

1. Given that the fireball moves more slowly than the projectile, are fireball fragments
sufficiently low in energy that they can be ignored?

2. Given that the fireball is very hot, do light ion fragments survive?

It will be shown below that the answers to both questions are negative, and that light ion
contributions from the fireball cannot be ignored.
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The relativistic expressions relating the total energy, E, kinetic energy, T , mass, m,
and 3-momentum, p, of the emitted fragment particle are the Einstein relations,

E ≡ T +m = γm , (1)

and

E2 ≡ p2 +m2 , (2)

with units where the speed of light c ≡ 1; this standard convention is used throughout this
paper. In terms of speed, β, the relativistic γ factor is γ ≡ (1− β2)−

1
2 . The speed of the

projectile relative to the lab is βPL with γPL ≡ (1−β2
PL)−

1
2 , and the speed of the nucleon-

nucleon center-of-momentum (nncm) frame is βnncmL with γnncmL ≡ (1−β2
nncmL)−

1
2 . The

gamma factors are related via [20]

γPL = 2γ2
nncmL − 1 . (3)

Table 1 presents the speeds and energies of the projectile and fireball for typical
projectile kinetic energy, TPL, values seen in the space radiation GCR spectrum. It is
assumed that the speed of the fireball is equal to the speed of the nncm frame. It can
be seen that the projectile and fireball speeds, βPL and βnncmL, respectively, are similar
orders of magnitude, as are the projectile and fireball nucleon energies, EPL and EnncmL,
respectively. Since the speed and nucleon energy of the fireball is similar to that of the
projectile (less than a factor of 2 for all cases in Table 1), the contributions of the fireball
should not be ignored. This conclusion will not change if the fireball speed is calculated
with one of the alternative methods discussed previously in section 1.2.1.

Next, question 2 concerning fragment survival from a very hot fireball will be ad-
dressed. Because the fireball is very hot, light ion fragments cannot survive and will be
broken up into baryons and mesons. However, what happens when the fireball cools?
The answer is similar to what happened in the very early universe. After a rapid period
of inflation, the universe started as a quark-gluon plasma, which then cooled and formed
hadrons such as pions, kaons, other mesons, nucleons, deltas, and other baryons. After
further cooling the baryons decayed to nucleons, which later coalesced into light ions H,
He and some Li2. Then the density dropped too rapidly to form heavier ions; these were
made much later in stellar interiors (C - Fe), and both supernovae and binary neutron star
mergers (Ni - U)3. The elements Be, B and some Li were made in cosmic ray interactions

2Big bang nucleosynthesis theory overestimates the amount of Li by a factor of 3 - the so-called
Lithium problem [21, 22, 23, 24, 25].

3Recently verified when gravitational wave detection identified a binary neutron star merger, and
rapid neutron capture nucleosynthesis [26] was confirmed in the accompanying electromagnetic signal
[27]. Neutron star mergers [28] are now thought to be the primary source for producing the heaviest
elements, like gold and platinum, which require a neutron-rich plasma. Previously, it was thought that
supernovae were the source.
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[26]. As the universe cooled further, electrons and light ions coalesced into atoms. Fur-
ther cooling produced more coalescence, and molecules, gas, stars, and eventually galaxies
formed due to gravitational coalescence.

Aspects of the nuclear fireball cooling are similar to the early universe scenario. As
the fireball cools and decays and emits neutrons and protons, these are cool enough to
coalesce into the light ion isotopes of H and He (and also some Li). As with the early
universe, the fireball density drops very rapidly, and nucleons are unable to coalesce to
form heavier ions, which come from projectile and target pre-fragments. Of course, the
projectile and target pre-fragments also emit nucleons (neutrons and protons) and these
can also coalesce. Thus, light ions are produced from nucleon coalescence of all 3 sources;
projectile, fireball and target. The relative contributions of these will be explored further
in the model developed in the present work.

2 Coalescence model

The coalescence model used herein is based on the work of Nagamiya et al. [18]. The
light ion Lorentz-invariant double-differential cross section EA d

3σA/dp
3
A is related to the

proton Lorentz-invariant double-differential cross section Ep d
3σp/dp

3
p as

EA
d3σA
dp3

A

= CA

(
Ep
d3σp

dp3
p

)A
, with pA ≡ App and EA ≡ AEp , (4)

where E and p ≡ |p| are the energy and 3-momentum magnitude of the emitted fragment,
and p3 ≡ p2dpdΩ ≡ |p|2d|p|dΩ, with solid angle dΩ ≡ sin θdθdφ. See the list of symbols
in the Nomenclature table. A is the mass number of the light ion fragment and the p and
A subscripts refer to a proton or light ion respectively. CA is the coalescence model coeffi-
cient. The cross sections in equation (4) refer to light ion and proton fragment production
for arbitrary projectile and target. For example, if the reaction being considered is Fe
(1 GeV/n) + Al, the 3He production cross section on the left hand side of equation (4)
refers to Fe (1 GeV/n) + Al → 3He +X, (where X are other produced fragments), with
the proton (p) production cross section on the right hand side of equation (4) referring to
Fe (1 GeV/n) + Al → p + X.

Note that in equation (4) the units of the light ion energy and momentum are GeV, not
GeV/n. This is an essential feature when using the proton cross sections on the right hand
side of equation (4) as input. The coalescence model gives the energy and momentum
of the light ion as pA ≡ App and EA ≡ AEp respectively. (However, if a transport code
requires GeV/n, the conversion is trivial.)
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2.1 Coalescence scaling validation

The coalescence model scaling of equation (4) can be tested experimentally. This is done
by scaling experimental proton data using equation (4), and then comparing the scaled
data to experimental light ion data. There are no theoretical calculations anywhere in
the process. Proton data is used as input on the right hand side of equation (4) and the
left hand side becomes scaled proton data, which is compared to light ion data. Figures
2 - 8 show the results of these comparisons, where Figures 2 - 5 show the reaction Ar +
KCl at 800 MeV/n projectile kinetic energy and Figures 6 - 8 show C + C at 800 MeV/n
projectile kinetic energy. Note that the energy and momentum units used in all Figures
2 - 8 are GeV, and not GeV/n.

In Figures 2 - 8, the proton data from references [18, 29] is plotted in blue color,
while light ion data is plotted in black color. Clearly these two data sets look as though
they are completely un-related. The coalescence model is tested as follows: The proton
data is inserted into the right hand side of equation (4), to arrive at the left hand side
representing scaled proton data, represented in red color in Figures 2 - 8. One can see the
remarkable results of the coalescence idea; the scaled proton data (red) lies directly on top
of the experimental light ion data (black). This was first shown by Nagamiya et al. [18],
where plots for the C + C reaction were shown in Figure 31 of reference [18].

The remarkable results shown in Figures 2 - 8 give strong support to the coalescence
model. The aim of the present work is to calculate light ion cross sections for input
into transport codes. Therefore, if one has an accurate theoretical model calculation of
the proton cross sections, then using equation (4), one can scale these and immediately
obtain accurate theoretical calculations of the light ion spectra. Figures 2 - 8 convincingly
demonstrate that if a theoretical proton model accurately describes the proton data, then
the theoretical light ion coalescence model using equation (4) will automatically describe
the light ion data reasonably well.

Some of the experimental data for the Ar + KCl reactions have the same fragments
at the same angles compared to the C + C reactions. Such data [18] are shown in Figure
9, with both data sets showing similar shapes and the C + C data always significantly
lower than the Ar + KCl data.

3 Thermal particle production model

The general form of the thermal model [18] for emitting a particle fragment is now dis-
cussed. The emitted particle, for example, could be a pion, proton, neutron, light ion, or
any other type of fragment.

The thermal model expression for the Lorentz-invariant double-differential cross sec-
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tion for production of a fragment particle is

E
d3σ

dp3
= N e−T/Θ , (5)

where T is the kinetic energy of the emitted fragment. The temperature Θ is given in
units of energy and N is a constant. Equation (5) seems very simple, but its practical
implementation is much more complicated, as seen later in equation (12).

3.1 Relativistic Lorentz-transformations

The cross section measured in the lab frame will contain contributions from the projectile,
the fireball and the target. Note that the target is approximately at rest in the lab frame.
Therefore the target rest frame is considered identical to the lab rest frame. Cross sections
from each of these 3 frames must be Lorentz-transformed to the lab frame and added
together to form the final lab frame cross section. The lab frame is also identical with
the spacecraft rest frame through which GCR particles are transported. In any particle
production cross section model, including thermal models, there will be contributions
from all 3 sources.

Typically one might use the symbols P , C or T for the projectile, central fireball
or target rest frames respectively. However, the general expressions for the Lorentz-
transformations will be the same for any frame and so a more compact notation using the
∗ symbol will be used, where ∗ refers to any of the projectile, central fireball or target rest
frames. The symbols P , C or T will only be used if it is necessary to specify a particular
frame.

3.1.1 Total 3-momentum and angle variables (pjL, θjL)

Equation (5) is the general expression for a thermal model cross section evaluated in any
of the 3 source frames discussed previously. The thermal model for a particle j emitted
in the ∗ frame (∗ = projectile or central fireball or target) is[

E
d3σ

dp3
(pjL, θjL)

]
∗

= N e−Tj∗/Θ∗ = N exp[−Tj∗(pjL, θjL)/Θ∗] , (6)

where pjL and θjL are the momentum and angle of particle j in the lab frame, L. The
notation (pjL, θjL) indicates that the functions must be written as explicit functions of the
lab frame L variables pjL and θjL because these are the variables used for the experimental
cross sections, with which the thermal model is to be compared. However, Tj∗ is the
kinetic energy of particle j in the ∗ frame, and this needs to be Lorentz-transformed to
the lab frame, L. The temperature of the ∗ frame is Θ∗, which does not need to be
Lorentz-transformed because it is a Lorentz-scalar.
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In order to Lorentz-transform the particle j kinetic energy, use equation (1) to write

Tj∗ = Ej∗ −mj∗ . (7)

The Lorentz-transformation of the total energy is [30]

Ej∗ = γ∗L EjL − γ∗L β∗L pZjL , (8)

where the longitudinal momentum is given as pZjL ≡ pjL cos θjL with pjL ≡ |pjL|. The
relativistic γ∗L and β∗L factors refer to the speed of the ∗ frame with respect to the lab
frame, L. That is, they are relations between different reference frames and have nothing
to do with particle j. Thus, the Lorentz-transformed total energy of particle j in terms
of (pjL, θjL) variables is

Ej∗ = γ∗L
√
p2
jL +m2 − γ∗L β∗L pjL cos θjL , (9)

which is simply substituted into equation (6) via equation (7) to give the final answer for
the thermal model Lorentz-invariant double-differential cross section in the ∗ frame,[

E
d3σ

dp3
(pjL, θjL)

]
∗

= N exp[−(γ∗L
√
p2
jL +m2 − γ∗L β∗L pjL cos θjL −mjL)/Θ∗] . (10)

Once one has the right hand side of the Lorentz-invariant differential cross section of
equation (6) written explicitly in terms of the lab, L, variables (pjL, θjL), then one has
the final answer as equation (10), which is the ∗ frame Lorentz-invariant differential cross
section in terms of particle j lab frame variables (pjL, θjL). The left hand side of equation
(6) or (10) in terms of (pjL, θjL) variables is the ∗ frame Lorentz-invariant differential
cross section, which is equal to the lab frame Lorentz-invariant differential cross section
precisely because the quantity E d3σ

dp3
is a Lorentz-invariant differential cross section.

Cross sections for j particles from the 3 sources need to be added together as

E
d3σ

dp3
(pjL, θjL) =

[
E
d3σ

dp3
(pjL, θjL)

]
P

+

[
E
d3σ

dp3
(pjL, θjL)

]
C

+

[
E
d3σ

dp3
(pjL, θjL)

]
T

= N (e−TjL/ΘP + e−TjL/ΘC + e−TjL/ΘT ) , (11)

which is the final model result to be compared to experiment. The cross sections can be
added in this simple way because they are all Lorentz-invariant. Each of the 3 terms in
equation (11) is calculated using equation (10), where ∗ is replaced by P , C or T symbols
representing projectile, central fireball or target, respectively. (Of course, the target frame
is identical to the lab frame, so that the Lorentz-transformation is trivial, in that γT L = 1
and βT L = 0, resulting in the identity EjT = EjL.) Explicitly, equations (10) and (11)
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give

E
d3σ

dp3
(pjL, θjL) = N{exp[−(γPL

√
p2
jL +m2 − γPL βPL pjL cos θjL −mjL)/ΘP ]

+ exp[−(γCL
√
p2
jL +m2 − γCL βCL pjL cos θjL −mjL)/ΘC]

+ exp[−(γT L
√
p2
jL +m2 − γT L βT L pjL cos θjL −mjL)/ΘT ]}.

(12)

This equation represents the thermal model with contributions from the projectile, target
and central sources, all Lorentz-transformed to the lab frame; equation (12) is the practical
implementation of the simple-looking form of the thermal model in equation (5).

3.1.2 Transverse and longitudinal momentum variables (pTjL, pZjL)

Cross sections are also often measured in terms of transverse and longitudinal momentum
variables, in which case equation (9) is replaced by

Ej∗ = γ∗L
√
p2

TjL + p2
ZjL +m2 − γ∗L β∗L pZjL , (13)

giving the final answer[
E
d3σ

dp3
(pTjL, pZjL)

]
∗

= N exp[−(γ∗L
√
p2

TjL + p2
ZjL +m2 − γ∗L β∗L pZjL −mjL)/Θ∗].

(14)

Equation (12) becomes

E
d3σ

dp3
(pTjL, pZjL) = N{exp[−(γPL

√
p2

TjL + p2
ZjL +m2 − γPL βPL pZjL −mjL)/ΘP ]

+ exp[−(γCL
√
p2

TjL + p2
ZjL +m2 − γCL βCL pZjL −mjL)/ΘC]

+ exp[−(γT L
√
p2

TjL + p2
ZjL +m2 − γT L βT L pZjL −mjL)/ΘT ]}.

(15)

This equation replaces equation (12) if transverse and longitudinal momentum variables
(pTjL, pZjL) are used instead of the total 3-momentum and angle variables (pjL, θjL) of
the previous sub-section.
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3.2 Normalization

3.2.1 Single-source model normalization

The total cross section, σ, is defined simply as the integral of the Lorentz-invariant dif-
ferential cross section,

σ ≡
∫ d3p

E

(
E
d3σ

dp3

)
= 4π

∫ ∞
0

dp
p2

E

(
E
d3σ

dp3

)
= 4π

∫ ∞
0

dT
√
T (T + 2m)

(
E
d3σ

dp3

)
, (16)

with the 4π factor arising from the assumption of isotropic emission of particles in the
reference frame in which they are produced. Inserting the thermal model of equation (5)
gives

σ = 4πN
∫ ∞

0
dT
√
T (T + 2m) e−T/Θ . (17)

Using the result ∫ ∞
0

dT
√
T (T + 2m) e−T/Θ = mΘem/ΘK1(m/Θ) , (18)

where K1(m/Θ) is the modified Bessel function of the second kind [31] of order 1 as a
function of m/Θ, giving the thermal model total cross section as

σ = 4πNmΘem/ΘK1(m/Θ). (19)

Substituting into equation (5), gives the single-source thermal model (correctly normalized
so that the integral of the Lorentz-invariant differential cross section gives the total cross
section), which therefore becomes

E
d3σ

dp3
=

σ

4πmΘK1(m/Θ)
e−(T+m)/Θ . (20)

3.2.2 3-source model normalization

For the 3-source thermal model, the normalization is more complicated. The total cross
section is obtained by integrating all 3 sources. Using equation (11) and following equation
(16) gives

σ ≡
∫ d3p

E

(
E
d3σ

dp3

)

=
∫ d3p

E

{[
E
d3σ

dp3
(pjL, θjL)

]
P

+

[
E
d3σ

dp3
(pjL, θjL)

]
C

+

[
E
d3σ

dp3
(pjL, θjL)

]
T

}

= 4π
∫ ∞

0
dp
p2

E

{[
E
d3σ

dp3
(pjL, θjL)

]
P

+

[
E
d3σ

dp3
(pjL, θjL)

]
C

+

[
E
d3σ

dp3
(pjL, θjL)

]
T

}
,

(21)
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so that

σ = 4π
∫ ∞

0
dT
√
T (T + 2m)

×
{[
E
d3σ

dp3
(pjL, θjL)

]
P

+

[
E
d3σ

dp3
(pjL, θjL)

]
C

+

[
E
d3σ

dp3
(pjL, θjL)

]
T

}

= 4πN
∫ ∞

0
dTjL

√
TjL(TjL + 2m) (e−TjL/ΘP + e−TjL/ΘC + e−TjL/ΘT )

= 4πNm
[
ΘPe

m/ΘPK1(m/ΘP) + ΘCe
m/ΘCK1(m/ΘC) + ΘT e

m/ΘTK1(m/ΘT )
]
,

(22)

giving the normalization

N =
σ

4πm [ΘPem/ΘPK1(m/ΘP) + ΘCem/ΘCK1(m/ΘC) + ΘT em/ΘTK1(m/ΘT )]
.

(23)

The full 3-source thermal model, correctly normalized so that the integral of the Lorentz-
invariant differential cross section gives the total cross section, therefore becomes

E
d3σ

dp3
(pjL, θjL) =

[
E
d3σ

dp3
(pjL, θjL)

]
P

+

[
E
d3σ

dp3
(pjL, θjL)

]
C

+

[
E
d3σ

dp3
(pjL, θjL)

]
T

=
σ(e−TjL/ΘP + e−TjL/ΘC + e−TjL/ΘT )

4πm [ΘPem/ΘPK1(m/ΘP) + ΘCem/ΘCK1(m/ΘC) + ΘT em/ΘTK1(m/ΘT )]
.

(24)

In terms of total 3-momentum and angle variables (pjL, θjL) the final thermal model is

E
d3σ

dp3
(pjL, θjL) =

σ

4πm
{exp[−(γPL

√
p2
jL +m2 − γPL βPL pjL cos θjL −mjL)/ΘP ]

+ exp[−(γCL
√
p2
jL +m2 − γCL βCL pjL cos θjL −mjL)/ΘC]

+ exp[−(γT L
√
p2
jL +m2 − γT L βT L pjL cos θjL −mjL)/ΘT ]}

×
{

ΘPe
m/ΘPK1(m/ΘP) + ΘCe

m/ΘCK1(m/ΘC) + ΘT e
m/ΘTK1(m/ΘT )

}−1
.

(25)
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In terms of transverse and longitudinal momentum (pTjL, pZjL) the final thermal model is

E
d3σ

dp3
(pTjL, pZjL) =

σ

4πm
{exp[−(γPL

√
p2

TjL + p2
ZjL +m2 − γPL βPL pZjL −mjL)/ΘP ]

+ exp[−(γCL
√
p2

TjL + p2
ZjL +m2 − γCL βCL pZjL −mjL)/ΘC]

+ exp[−(γT L
√
p2

TjL + p2
ZjL +m2 − γT L βT L pZjL −mjL)/ΘT ]}

×
{

ΘPe
m/ΘPK1(m/ΘP) + ΘCe

m/ΘCK1(m/ΘC) + ΘT e
m/ΘTK1(m/ΘT )

}−1
.

(26)

3.3 Thermal proton production model

The coalescence model gives light ion production cross sections in terms of proton pro-
duction cross sections, as given by equation (4). Therefore, the key to the success of
the coalescence model is the ability to accurately calculate the proton production cross
section. Equations (5, 20) are general thermal model descriptions for production of any
type of fragment from a single source. Previous sub-sections have described how to prac-
tically implement this model when the fragments are being produced from the 3 different
sources of projectile, fireball or target, as given by equations (24, 25, 26). Now the general
thermal model will be implemented specifically for production of proton fragments.

3.3.1 Total cross section values

Equations (20, 24, 25, 26) give the Lorentz-invariant double differential cross section
for fragment production, with normalization such that the integral of the differential
cross section gives the total cross section, σ. Therefore, a separate model is needed to
calculate σ. The present work uses the NUCFRG3 [12] model, but any other type of
model could be used. Calculations for proton strong interaction production cross sections
from nucleus-nucleus reactions are listed in Table 2. For the Ar +KCl and C+C reactions,
the contributions from electromagnetic dissociation interactions are small [32, 33] and are
not included in the present work.

3.3.2 Adjustable temperature parameters

The entire set of models developed in the present work use only two adjustable parameters,
which are the participant (central fireball) and spectator (projectile or target) tempera-
tures. These are summarized in Table 3.

As mentioned previously, the nucleus-nucleus reaction contains two spectator pre-
fragments, namely the projectile and target, as well as a participant region which is
the central fireball, as seen in Figure 1. From the center-of-momentum frame it makes
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sense for both spectators to have the same temperature, given that temperature is a
Lorentz-scalar. The participant region will be much hotter than the spectators. Values
for these parameters are listed in Table 3. The choices were guided from values listed
in the literature [18], and were based on best fits to the data. Note that the participant
temperature is about 3 times higher than the spectator temperatures. Future work will
involve using a detailed model for predicting these temperatures.

This work examines 47 different data sets, summarized in Table 4. The complete
number of data points is over 1,000. The proton production theory only has the two
temperature parameters, and the light ion coalescence model has no parameters. The
combined proton - thermal and light ion - coalescence models are able to approximately
predict over 1,000 data points based on only these two temperature parameters.

3.4 Proton thermal model validation

The proton production thermal model Lorentz-invariant double-differential cross sections
for Ar + KCl and C + C reactions are shown in Figures 10 and 11 respectively. Both
reactions have projectile kinetic energy of 800 MeV/n. Figures 10 and 11 show total (red)
and individual contributions from projectile (green), target (purple) and central fireball
(blue). The figures show protons being produced at various angles in the lab frame. The
total (red) result is the one that should be compared to the data.

The relative contributions of the projectile (green), target (purple) and central fireball
(blue) are interesting to study as the proton production angle changes. Thermal model
production of protons is assumed to be isotropic in the frame in which the protons are
produced. While the projectile and central fireball proton contributions vary, the target
contribution remains the same as the angle changes. This is expected because the lab
frame in which the momentum and angle of the proton are measured is identical to the
target frame, and no Lorentz-transformation is required, since the speed of the target
frame with respect to the lab is βT L = 0.

At small angles, Figures 10 and 11 show that the projectile protons contribute the
most at large proton momenta, with the central fireball protons contributing most at
intermediate momenta. This is because the projectile is moving much faster than the
central fireball, even though the fireball is hotter. Nevertheless, because the fireball is
so hot it also makes contributions at large momenta. At very small momenta the target
contribution is large.

As the proton production angle increases, the projectile contribution becomes smaller
because projectile protons are mainly boosted in the forward direction and only very
high energy thermal protons can exit at larger angles; therefore, at the largest angles the
projectile contribution is negligible. At intermediate angles, central fireball production of
protons is dominant.

At the largest angles, only central fireball protons of very high energy can reach large
angles in the lab frame, and so the central fireball protons contribute less, with target
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protons contributing a large amount at large angles.
The contributions of protons from the projectile, target and central fireball give the

total (red) production cross section in Figures 10 and 11 according to equations (11)
and (12). These total results are to be compared to the experimental data. While pion
production cross sections show a smooth exponential fall-off with increasing momenta
[4, 34, 35], due to dominant production from the central fireball, the proton cross sections
show a significantly different behavior at small angles. The dominant small angle feature
is a flat region that can be seen at lower momenta. This is seen not only in the proton
spectra (Figures 9 - 11), but also the light ion spectra (Figures 2 - 9). This shoulder feature
was the main reason for introducing the model of the present work to include projectile,
fireball and target contributions. For pion cross sections, only a central fireball thermal
model is all that is necessary to fit the data [4, 34, 35], whereas the shoulder region in the
proton and light ion data necessitated the development of the present 3-source model.

One of the main results of the present work is to show that the shoulder region of
Figures 10 and 11 can be reproduced by summing projectile and fireball contributions.
One of the first papers to develop this idea was by Auble et al. [17]. In summary, Figures
10 and 11 show that the proton spectral data can be reasonably reproduced with the
3-source thermal proton model developed herein.

4 Predicting light ion cross sections

The coalescence model of equation (4) is used to make predictions for light ion double-
differential cross sections using the thermal model for the proton double-differential cross
sections, as given by equations (12) or (15). That is, equations (12) or (15) are used as
input to the right hand side of equation (4), by summing each source and then raising
the entire sum to the power A. In terms of (pjL, θjL) variables, this becomes4

EA
d3σA
dp3

A

= CA

{[
E
d3σ

dp3
(pjL, θjL)

]
P

+

[
E
d3σ

dp3
(pjL, θjL)

]
C

+

[
E
d3σ

dp3
(pjL, θjL)

]
T

}A
, (27)

which is the model used in the present work. Equation (27) is the correct form consistent
with the coalescence model, and is physically motivated as follows: The coalescence scaling
of the experimental proton data provided excellent agreement with the experimental light
ion data. The scaled proton data relied simply on the overall proton cross sections - they
were not broken into individual pieces. All sources contributed to the experimental proton
cross sections. Therefore, equation (27) is consistent with the method of comparing the

4From a quantum mechanical point of view, the correct summing method is to add the quantum
mechanical amplitudes instead of the classical approximation of adding cross sections. Adding quantum
amplitudes will result in the model of equation (27) with additional interference terms appearing. The
model in the present work uses the classical approximation.
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scaled proton data with the light ion data. It is the overall scaled experimental proton
cross section, rather than each individual source piece, that is used to obtain the excellent
agreement with light ion experimental data. Also physically, equation (27) makes more
sense because a single coalesced light ion could receive contributions from several sources.
The model of equation (27) also produces better validation results compared to a model
in which each source term is summed separately.5

4.1 Coalescence coefficient

Observed [18] and calculated coalescence coefficients, CA, are shown in Table 5. The
observed values are taken from Table VIII in the paper of Nagamiya et al. [18]. The
calculations also follow the method outlined by Nagamiya et al. [18] and proceed as
follows. The coalescence coefficient, CA, is calculated as [18]

CA =
cA
V A−1

, (28)

where cA is a constant for each value of A, i.e. it is a constant which changes only if
the mass number A of the produced fragment changes. Equation (28) is actually the
non-relativistic limit of the coefficient in reference [18]: This is sufficient due to the very
weak energy dependence of CA, as seen in Table VIII of reference [18]. The interaction
volume is V = 4

3
πR3, with the interaction radius R given by [18]

R = a(A
1/3
P + A

1/3
T ) + b , (29)

where a and b are constants from reference [18] listed in Table 6, and AP and AT are the
mass numbers of the projectile and target nuclei, respectively.

The calculated CA values in equation (28) require the constant cA values as input.
These cA are constants, which vary only with A. That is, cA takes three different values
(see Table 7) depending on whether the fragment is 2H, 3H, 3He, 4He, with the value for
3H and 3He being the same because the A number (A = 3) is the same. The values of
cA are not discussed in reference [18], and therefore, in the present work, they have been
determined from the reaction Ar (800MeV/n) + KCl as follows,

cA = C
obs[Ar(800MeV/n)+KCl]
A V A−1 , (30)

5Summing each term separately results in a model of the form

EA
d3σA
dp3A

= CA

{[
E
d3σ

dp3
(pjL, θjL)

]A
P

+

[
E
d3σ

dp3
(pjL, θjL)

]A
C

+

[
E
d3σ

dp3
(pjL, θjL)

]A
T

}
.

This model was not used because it is not physically motivated and it was also found to give poorer
validation results.
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where C
obs[Ar(800MeV/n)+KCl]
A are the observed CA values (see Table 5) for the reaction of

Ar (800MeV/n) + KCl [18]. The reason that a single reaction can be chosen to determine
cA is that cA values are the same for all reactions producing the same fragment. The
Ar (800MeV/n) + KCl reaction was chosen because it includes observed values for 4He,
which are missing for other reactions (see Table 5). Values6 for cA are listed in Table 7,
showing that the only dependence is on the light ion fragment mass number A. Only the
three values in Table 7 are used for calculation of the entire set of reactions in Table 5,
and for all other light ion cross section predictions.

The calculated coalescence coefficients, CA, and interaction radii, R, listed in Table
Table 5 are seen to be in reasonable agreement with the observed values. Note that both
of these calculated quantities are independent of projectile kinetic energy, as seen in Table
5. Also, they have the same value for the same mass number A, so that values for 3H and
3He are the same, as also seen in Table 5.

4.2 Light ion coalescence model validation

The light ion production coalescence model Lorentz-invariant double-differential cross sec-
tions for Ar + KCl and C + C reactions are shown in Figures 12 - 18. As with the proton
cross sections, the light ion figures show total (red) and individual contributions from
projectile (green), target (purple) and central fireball (blue), with the relative kinematic
contributions of the 3 sources showing similar angular behavior to the proton cross sec-
tions, discussed in sub-section 3.4. Similar conclusions regarding the relative contributions
of projectile and central fireball as a function of angle were also discussed by Auble et al.
[17]. See page 1556 of that reference. At small angles, the low-momentum, small-angle
shoulder region of the spectra is even more pronounced for light ions compared to protons,
and the addition of the 3 sources is essential to explain the light ion shoulders. Overall,
the light ion model provides a reasonable characterization of the experimental data.

5 Future work

The light ion model used in the present work consisted of the coalescence model which
used proton production cross sections as input. Using only experimental data, it was
shown that if one could obtain accurate proton cross sections then the coalescence model
accurately predicts light ion cross sections. Therefore, it is important that the proton
model provides an accurate description of experimental proton data. The most important
future work is to obtain a larger data set and develop predictable theories to replace the
adjustable parameters of Table 3. The following list of future work is in order of priority.

6As already stated, cA depends on the A number of the fragment produced, whereas it is misleadingly
written simply as c (independent of A) in the work of reference [18].
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1. Develop a model that predicts projectile, target and fireball temperatures with the
correct dependence on AP , AT and projectile kinetic energy. Some useful references
are [17, 18], where reference [18] shows a rather strong energy dependence.

2. Investigate a temperature model either relating temperature to nucleon-nucleon
center of momentum kinetic energy or implementing the model of reference [45].

3. Develop a more accurate method for evaluating the central fireball speed.

4. Make predictions for light ion total cross sections, by integrating the Lorentz-
invariant double differential cross sections developed in the present work.

5. Implement models into the 3DHZETRN space radiation transport code and update
the code. The models developed in the present work have all been written using
Mathematica. These need to be converted to FORTRAN.

6. Compare the updated 3DHZETRN code with measurements such as those obtained
with MSLRAD [5, 36, 37].

7. Develop a high energy proton and light ion production model. The thermal models
discussed in the present work are expected to be accurate in the intermediate energy
region, but not at high energy. A high energy model, perhaps based on Feynman
scaling, needs to be developed. Existing models [34, 38, 39] can be adapted.

8. Double-differential and single differential electromagnetic dissociation contributions
[32, 33] need to be added to the models developed herein. Existing models [32] can
be adapted.

9. Remove the non-relativistic limit approximation for the coalescence coefficient in
equation (28).

10. Compare cross section models to a wider set of experimental data, especially for
light ion projectiles. Some useful data are contained in references [18, 19, 29, 40,
41, 42, 43, 46, 47].

11. Some data [40] display peaks for proton production cross sections, whereas other
data display a flat shoulder region; the latter data have been analyzed in the present
work. Develop models to explain both types of data.

12. Compare cross section model predictions to other models, such as those used in the
Russian (ROSCOSMOS) SHIELD transport code [3, 4] and other transport codes.

13. Investigate alternative models [17] to calculate coalescence coefficients. The aim
would be to investigate models that promise higher accuracy.
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14. Re-evaluate cA values from equations (28) and (30) and Table 7 by averaging with
the Ar + Pb reactions at the same energy. The Ar + Pb reaction listed in Table
VIII of reference [18] is useful because it has values for α particles. Note that in
principle, cA only depends on the light ion fragment A, and should be the same
for all reactions. This needs to be investigated. Values for cA could potentially be
obtained by averaging over all reactions listed in Table VIII of reference [18].

15. Investigate quantum mechanical corrections to the classical approximation used in
equation (27).

16. Implement uncertainty quantification methods to quantify differences between model
results and experimental data.

17. Make further recommendations for future cross section measurements.

6 Conclusions

Previous work [1, 2] has shown that neutrons and light ions provide the dominant contri-
bution to space radiation dose equivalent for realistic spacecraft shielding of the order of
20 g/cm2 or more. Because light ions are so important, one would think that the relevant
physics needed for space radiation is well characterized. However, comparisons of light ion
production among different transport codes and with experimental measurements show
significant discrepancies. In fact, light ion production represents the largest physics uncer-
tainty in space radiation studies. Luckily, the largest discrepancies are in energy regions
that make only minor contributions to dose equivalent, and so model predictions of dose
equivalent remain reasonably accurate. However, dose equivalent is not the only quantity
of interest in space radiation studies, and it is prudent to try to resolve remaining physics
and transport discrepancies.

Because of their relatively light mass compared to heavy fragment production, neu-
trons and light ions are scattered at large angles when produced from high energy cosmic
ray interactions. Therefore, fully 3-dimensional transport methods [7, 8, 9, 10, 11] are re-
quired, and consequently, accurate double-differential cross section models are needed for
input into 3-dimensional transport codes. Fast and efficient transport codes are used in
space radiation studies and consequently efficient cross section parameterization models
are desired.

A summary of the work presented in this paper follows:

• The coalescence formalism was tested using only experimental data and was found
to be highly accurate in predicting light ion cross sections using proton cross sections
as input. Consequently, one only needs to develop an accurate proton production
cross section model. This can then be scaled using the coalescence model to provide
accurate predictions of light ion cross sections.
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• A thermal model for proton production was developed, with the important feature
that all 3 sources of projectile, central fireball and target production of protons was
included. This feature was able to explain the distinctive low-momentum, small-
angle shoulder region in the proton spectrum.

• The 3-source proton thermal model was used as input into the coalescence model7,
to arrive at a cross section model for light ion production, which necessarily also
includes 3 sources, which are seen to be essential in explaining the light ion shoulders,
which are even more pronounced than the proton shoulders.

• The final cross section model developed herein represents a very fast parameter-
ization of proton and light ion double-differential cross sections that can be used
efficiently in space radiation transport codes.

• Validation has been performed at 3 different levels. 1) Coalescence scaling has been
validated by showing that the coalescence-scaled proton data agrees with light ion
data to a remarkable degree of precision. 2) The thermal proton model has been
validated by comparing to 17 data sets. 3) The light ion coalescence model has been
validated by comparing to 30 data sets. The total 47 data sets contain over 1,000
data points.

• Future work will focus on physics calculations of the temperature parameters and
more extensive comparisons to experimental data.

7 Appendix: Relativistic γ factors

Using equation (1), the relativistic γ factor of the projectile frame relative to the lab
frame is

γPL = 1 +
TPL
mn

, (31)

where mn is the nucleon mass and TPL is the kinetic energy of the projectile relative to
the lab in units of energy per nucleon. Note, that this is the only place where units of
GeV/n are used. This is simply the kinetic energy of the projectile and serves only to give
the values of the various γ factors. As stated perviously, everything else in the present

7Because of the coalescence scaling model developed in the present work, the entire theoretical devel-
opment is in units of GeV, and not GeV/n. Also, the x-axis of all figures are plotted in units of GeV,
because the original experimental data is in these units. One of the keys to the success of the overlapping
plots in Figures 2 - 8 is the fact that the light ion cross sections are given in units of GeV, and not
GeV/n. Of course if GeV/n was used, then the scaled proton data would not overlap the light ion data.
Many transport codes use units of GeV/n, which of course is not a problem, because one simply makes
the trivial conversion to GeV/n, not affecting the successful coalescence model in any way.
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work is in units of GeV, not GeV/n; these GeV units refer to the energy and momentum
of the produced light ion fragments.

The γ factor of the nucleus-nucleus center-of-momentum (AAcm) frame relative to
the lab frame is [44]

γAAcmL =
AP(TPL +mn) + ATmn√

mn[mn(AP + AT )2 + 2APAT TPL]
. (32)

The γ factor of the nucleon-nucleon center-of-momentum (nncm) frame relative to the
lab frame is obtained by setting AP = AT = 1 to give

γnncmL =

√
1 +

TPL
2mn

, (33)

yielding the relation between the nncm and projectile γ factors as

γPL = 2γ2
nncmL − 1 . (34)
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TPL γPL βPL EPL = γPLmn γnncmL βnncmL EnncmL = γnncmLmn

(MeV/n) (MeV) (MeV)

0 1 0 938 1 0 938
100 1.1 0.4 1038 1.0 0.22 962
500 1.5 0.8 1438 1.1 0.5 1056
1000 2.1 0.9 1938 1.2 0.6 1161

10,000 12 0.99 10,938 2.5 0.9 2360

Table 1: Projectile versus fireball kinematic quantities, assuming that the fireball moves
at the same speed as the nncm frame. XPL is the X value of the projectile (P) frame
relative to the lab frame (L), where X represents T, γ, β or E. XnncmL is the X value of
the nncm frame relative to the lab frame.

Reaction σ (b)
Ar (800 MeV/n) + KCl → p + X 16
C (800 MeV/n) + C → p + X 3.5

Table 2: Total strong interaction cross sections calculated from NUCFRG3 [12].

Participant (Central Fireball) Temperature ΘC 110 MeV
Spectator (Projectile = Target) Temperature ΘP = ΘT 35 MeV

Table 3: Adjustable temperature parameters.

Reactions Fragments Angles (degrees)

Ar (800 MeV/n) + KCl Proton 10, 15, 20, 30, 40, 50, 60, 70, 80, 90, 100, 110, 145
Deuteron 10, 30, 60, 80, 110, 145
Triton 15, 30, 60, 80, 110, 145
Helion 15, 30, 60, 80
Alpha 15, 30, 60, 80

C (800 MeV/n) + C Proton 15, 45, 70, 145
Deuteron 15, 45, 70, 145
Triton 15, 45, 70
Helion 15, 45, 70

Table 4: Summary of 47 data sets studied. Each data set contains an average of 24 points,
so that the total number of data points studied is over 1,000.
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2H 3H 3He 4He
Kinetic Reaction CA R CA R CA R CA R
Energy (fm) (fm) (fm) (fm)

(MeV/n)
400 Ne+NaF 1.4×10−5 3.5 1.3×10−10 3.1 8.0×10−11 3.3

1.0×10−5 3.3 0.6×10−10 2.9 0.6×10−10 2.9 9.3×10−16 2.3
Ne+Cu 8.0×10−6 3.7 5.0×10−11 3.2 3.0×10−11 3.4

8.1×10−6 3.6 3.6×10−11 3.2 3.6×10−11 3.2 3.1×10−16 2.6
Ne+Pb 4.4×10−6 4.1 1.3×10−11 3.7 0.6×10−11 3.9

5.6×10−6 4.1 1.6×10−11 3.7 1.6×10−11 3.7 7.2×10−17 3.1
800 C+C 3.0×10−5 3.1 6.0×10−10 2.8 6.0×10−10 2.8

1.3×10−5 3.1 1.0×10−10 2.7 1.0×10−10 2.7 2.2×10−15 2.1
C+Pb 6.0×10−6 3.9 2.5×10−11 3.5 1.5×10−11 3.5

6.1×10−6 4.0 1.9×10−11 3.6 1.9×10−11 3.6 9.7×10−17 3.0
800 Ne+NaF 1.6×10−5 3.3 2.1×10−10 2.8 1.6×10−10 3.0

1.0×10−5 3.3 0.6×10−10 2.9 0.6×10−10 2.9 9.3×10−16 2.3
Ne+Cu 8.0×10−6 3.7 5.0×10−11 3.2 4.0×10−11 3.3

8.1×10−6 3.6 3.6×10−11 3.2 3.6×10−11 3.2 3.1×10−16 2.6
Ne+Pb 4.0×10−6 4.2 1.2×10−11 3.7 0.6×10−11 3.9

5.6×10−6 4.1 1.6×10−11 3.7 1.6×10−11 3.7 7.2×10−17 3.1
800 Ar+KCl 8.0×10−6 3.5 3.5×10−11 3.2 3.5×10−11 3.2 3.0×10−16 2.8

8.0×10−6 3.6 3.5×10−11 3.2 3.5×10−11 3.2 3.0×10−16 2.6
Ar+Pb 3.0×10−6 4.3 0.9×10−11 3.6 0.5×10−11 3.7 3.0×10−17 3.0

5.0×10−5 4.2 1.2×10−11 3.8 1.2×10−11 3.8 4.4×10−17 3.2
2100 Ne+NaF 1.4×10−5 3.5 0.5×10−10 3.6 0.5×10−10 3.6

1.0×10−5 3.3 0.6×10−10 2.9 0.6×10−10 2.9 9.3×10−16 2.3
Ne+Pb 4.0×10−6 4.2 0.6×10−11 4.2 0.3×10−11 4.4

5.6×10−6 4.1 1.6×10−11 3.7 1.6×10−11 3.7 7.2×10−17 3.1

Table 5: Coalescence coefficients, CA, and interaction radii, R, observed (first row in each
box) and calculated (second row in each box). All observed values are taken from Table
VIII of reference [18], although many values for 4He are missing. Calculations of CA and
R use equations (28) and (29), respectively.

23



2H 3H 3He 4He
Kinetic Reaction CA R CA R CA R CA R
Energy (fm) (fm) (fm) (fm)

(MeV/n)
800 p+C 0.8×10−4 3.0 4.0×10−9 2.7 2.0×10−9 3.1

0.2×10−4 2.8 0.2×10−9 2.4 0.2×10−9 2.4 9.3×10−15 1.8
p+NaF 5.0×10−5 3.3 1.0×10−9 3.2 1.0×10−9 3.2

1.6×10−5 2.9 0.2×10−9 2.5 0.2×10−9 2.5 5.4×10−15 1.9
p+KCl 3.0×10−5 3.5 5.0×10−10 3.2 2.0×10−10 3.7

1.4×10−5 3.0 1.2×10−10 2.6 1.2×10−10 2.6 2.9×10−15 2.0
p+Cu 2.0×10−5 3.7 3.0×10−10 3.2 1.0×10−10 3.8

1.2×10−5 3.2 0.8×10−10 2.8 0.8×10−10 2.8 1.5×10−15 2.2
p+Pb 1.0×10−5 3.9 3.0×10−11 4.0 3.0×10−11 3.7

0.8×10−5 3.7 3.3×10−11 3.3 3.3×10−11 3.3 2.6×10−16 2.7
2100 p+C 1.0×10−4 2.8 5.0×10−9 2.6 3.0×10−9 2.9

0.2×10−4 2.8 0.2×10−9 2.4 0.2×10−9 2.4 9.3×10−15 1.8
p+NaF 6.0×10−5 3.1 1.0×10−9 3.2 1.0×10−9 3.2

1.6×10−5 2.9 0.2×10−9 2.5 0.2×10−9 2.5 5.4×10−15 1.9
p+KCl 3.0×10−5 3.5 6.0×10−10 3.1 2.0×10−10 3.7

1.4×10−5 3.0 1.2×10−10 2.6 1.2×10−10 2.6 2.9×10−15 2.0
p+Cu 2.0×10−5 3.7 3.0×10−10 3.2 1.0×10−10 3.8

1.2×10−5 3.2 0.8×10−10 2.8 0.8×10−10 2.8 1.5×10−15 2.2
p+Pb 1.0×10−5 3.9 4.0×10−11 3.8 2.0×10−11 4.0

0.8×10−5 3.7 3.3×10−11 3.3 3.3×10−11 3.3 2.6×10−16 2.7

Table 5 continued.

2H 3H 3He 4He
a (fm) 0.24 0.24 0.24 0.24
b (fm) 2.0 1.6 1.6 1.0

Table 6: Constants [18] used for calculation of the interaction radius given in equation
(29).

2H 3H 3He 4He
cA 1.6× 10−3 6.9× 10−7 6.9× 10−7 1.3× 10−10

Table 7: Constant cA determined from equation (30), and used for calculation of the
coalescence coefficient, CA, given in equation (28).
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multiplicities, etc. needed to transport all GCR particles and
energies through spacecraft and tissues. Fortunately, physical
considerations lead to great simplifications allowing inclusive
cross sections to be appropriate for most applications. Low-
energy evaporation products including heavy ion target frag-
ments are high LET events. Knockout products from proton
or neutron reactions and projectile fragments from GCR
nuclei are typically of low to moderate LET; however, their
large ranges lead to radiation buildup through further
reactions.

1. Nuclear fragmentation models

Three types of nuclear fragmentation models have been
developed to consider heavy ion fragmentation cross sections.
The first type uses the multiple-scattering series approach of
Watson (1953) and high-energy approximations in a quantum
multiple-scattering approach. The second approach is the
intranuclear cascade (INC) models, originally developed by
Metropolis, Bertini, and others at Oak Ridge, and in recent
years the Liege INC model developed by Cugnon, and one
based on the patron model for the ultrarelativistic case called
JAM for jet-AA microscopic transport model. A third ap-
proach is the molecular dynamics model (QMD), which is a
semiclassical model using Gaussian wave packets and
Newtonian equations, and the related Japanese quantum mo-
lecular dynamics model used by the PHITS code. Each of these
models relies on the two-step picture, called cascade and
evaporation, or abrasion and ablation to describe the interac-
tion. The description of nuclear reactions through abrasion
(particle removal during ion-ion interaction) and ablation
(nuclear deexcitation after the abrasion step) is illustrated in
Fig. 16, which shows the roles of projectile overlap, fireball
formation in central regions, and the decay of the prefragment
spectators. Peripheral collisions lead to small mass removal,
while central collisions can lead to the total destruction of the
two nuclei. Ablation applies best to peripheral collisions
where the remaining nuclei after the collision called the
projectile or large prefragment are left in a state of excitation
and will decay to the ground state by statistical emission of
light particles and � rays.

The models developed at NASA rely on the quantum
multiple-scattering theories (QMST), which are solved to
calculate the probability of abrading n nucleons, and to
evaluate the excitation spectra of the prefragments. The
multiple-scattering series of Watson (1953) for proton-
nucleus scattering was extended to the nucleus-nucleus case
by Wilson (1974) and forms the basis for considering the
elastic channel for determination of the total absorption cross
section, and the development of models for the various
inelastic channels including nuclear abrasion where the

Glauber model (Czyz and Maximon, 1969; Glauber, 2006)
is useful (Hufner, Schafer, and Schurmann, 1975). The equa-
tions of motion for nuclear scattering are expressed in terms
of the transition operator which represents an infinite series
for the multiple scattering of the constituents of the projectile
and target nucleon. The strong nature of the nuclear force
requires a nonperturbative solution to the scattering problem.
In relativistic field theory, the non-Abelian nature of the
strong force has precluded a formulation of the transition
matrix for nuclear scattering using the Lagrangian of quan-
tum chromodynamics (QCD). A relativistically covariant
formulation of the problem has been developed by Maung
and co-workers using meson exchange theory (Maung,
Norbury, and Kahana, 1996). The basic approach, in both
relativistic and nonrelativistic multiple-scattering theories, is
to resum the multiple-scattering series, which is expressed in
terms of the irreducible and reducible exchange diagrams in
the relativistic multiple-scattering theory (RMST) or the
nuclear potential in the NRMST, in terms of the transition
matrix for the constituents of the projectile and target nuclei.
This avoids having to deal directly with the highly singular
behavior of the nuclear potential at short distances, and
instead the constituent transition matrix is used, which is
often known from experimental determinations.

The NRMST is obtained by approximating the full Green’s
function by the leading order term corresponding to one-
meson exchange diagrams and using a nonrelativistic reduc-
tion of the three-dimensional Green’s function. The potential
term is then the sum of the interactions of the constituents
(Wilson, 1974)

V ¼ XAP

j¼1

XAT

a¼1

��j (24)

and the nonrelativistic Green’s function is given by

gNR ¼ ðE�HP �HTÞ�1; (25)

where HP and HT are the projectile and target internal
Hamiltonians, respectively. At high energies the impulse
approximation is invoked, which assumes that the relative
kinetic energy of the constituents is much larger than the
binding energies such that the propagator is given by

g0 ¼ ðE� TP � TTÞ�1 (26)

and the constituent interactions are replaced by the free
interactions which are truly of the two-body form. For
high-energy reactions, the scattering is often confined to the
forward direction. Here the eikonal approximation is useful
for reducing the scattering problem to a closed form expres-
sion, which reduces the MST to the form of the Glauber
model (Czyz and Maximon, 1969; Wilson, 1974; Glauber,
2006), where cancellation of reflection terms occurs, where
nucleons from the projectile and target can rescatter.

2. Elastic and inelastic channels

Knowledge of the elastic amplitude alone is used to de-
termine the total and absorption cross section. The absorption
cross section is the key parameter used byMC transport codes

Ablation

Projectile

Target

Fireball

Target-fragment

Projectile-fragment

nuclei
Evaporated

And clusters

Abrasion

FIG. 16 (color). Illustration of the abrasion-ablation model.

Marco Durante and Francis A. Cucinotta: Physical basis of radiation protection in . . . 1261

Rev. Mod. Phys., Vol. 83, No. 4, October–December 2011

Figure 1: Formation of the central fireball region within the abrasion-ablation model.
Figure reprinted from reference [16].
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Figure 2: Deuteron (black) and proton production (blue) experimental [18] Lorentz-
invariant double-differential cross sections as a function of lab momentum for Ar + KCl
reactions at various production angles. The proton cross sections have been scaled (red)
using the coalescence model of equation (4).

26



0 1 2 3 4 5 6
0.001

0.100

10

1000

pL[GeV]

E
d3

σ

dp
3

[m
b
G
eV

-
2
sr

-
1
]

Ar + KCl -> p,t, θ =15o

0 1 2 3 4 5
0.01

0.10

1

10

100

1000

104

pL[GeV]

E
d3

σ

dp
3

[m
b
G
eV

-
2
sr

-
1
]

Ar + KCl -> p,t, θ =30o

0.5 1.0 1.5 2.0 2.5 3.0 3.5

0.001

0.100

10

1000

pL[GeV]

E
d3

σ

dp
3

[m
b
G
eV

-
2
sr

-
1
]

Ar + KCl -> p,t, θ =60o

0.5 1.0 1.5 2.0 2.5 3.0

10-4

0.01

1

100

pL[GeV]

E
d3

σ

dp
3

[m
b
G
eV

-
2
sr

-
1
]

Ar + KCl -> p,t, θ =80o

0.5 1.0 1.5 2.0
10-6

10-4

0.01

1

100

pL[GeV]

E
d3

σ

dp
3

[m
b
G
eV

-
2
sr

-
1
]

Ar + KCl -> p,t, θ =110o

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

10-6

0.001

1

pL[GeV]

E
d3

σ

dp
3

[m
b
G
eV

-
2
sr

-
1
]

Ar + KCl -> p,t, θ =145o

Figure 3: Triton (black) and proton production (blue) experimental [18] Lorentz-invariant
double-differential cross sections as a function of lab momentum for Ar + KCl reactions
at various production angles. The proton cross sections have been scaled (red) using the
coalescence model of equation (4).
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Figure 4: Helion (black) and proton production (blue) experimental [18] Lorentz-invariant
double-differential cross sections as a function of lab momentum for Ar + KCl reactions
at various production angles. The proton cross sections have been scaled (red) using the
coalescence model of equation (4).
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Figure 5: Alpha (black) and proton production (blue) experimental [18] Lorentz-invariant
double-differential cross sections as a function of lab momentum for Ar + KCl reactions
at various production angles. The proton cross sections have been scaled (red) using the
coalescence model of equation (4).
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Figure 6: Deuteron (black) and proton production (blue) experimental [18, 29] Lorentz-
invariant double-differential cross sections as a function of lab momentum for C + C
reactions at various production angles. The proton cross sections have been scaled (red)
using the coalescence model of equation (4).
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Figure 7: Triton (black) and proton production (blue) experimental [18, 29] Lorentz-
invariant double-differential cross sections as a function of lab momentum for C + C
reactions at various production angles. The proton cross sections have been scaled (red)
using the coalescence model of equation (4).
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Figure 8: Helion (black) and proton production (blue) experimental [18, 29] Lorentz-
invariant double-differential cross sections as a function of lab momentum for C + C
reactions at various production angles. The proton cross sections have been scaled (red)
using the coalescence model of equation (4).
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Figure 9: Proton, deuteron, triton and helion experimental data [18, 29] for Ar + KCl
(black) and C + C (blue) reactions at various production angles, showing how the two
sets of data compare to each other.
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Figure 10: Proton thermal model cross sections at various production angles as a function
of lab momentum for Ar + KCl reactions compared to experimental data [18]. Total (red)
and individual contributions from projectile (green), target (purple) and central fireball
(blue) are shown. (Figure is continued on the next page.)
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Figure 10 continued from previous page. Figure is also continued on the next page.
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Figure 10 continued from previous page.
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Figure 11: Proton thermal model cross sections at various production angles as a function
of lab momentum for C + C reactions compared to experimental data [29]. Total (red)
and individual contributions from projectile (green), target (purple) and central fireball
(blue) are shown.
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Figure 12: Deuteron coalescence model cross sections at various production angles as
a function of lab momentum for Ar + KCl reactions compared to experimental data
[18]. Total (red) and individual contributions from projectile (green), target (purple) and
central fireball (blue) are shown.
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Figure 13: Triton coalescence model cross sections at various production angles as a func-
tion of lab momentum for Ar + KCl reactions compared to experimental data [18]. Total
(red) and individual contributions from projectile (green), target (purple) and central
fireball (blue) are shown.
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Figure 14: Helion coalescence model cross sections at various production angles as a func-
tion of lab momentum for Ar + KCl reactions compared to experimental data [18]. Total
(red) and individual contributions from projectile (green), target (purple) and central
fireball (blue) are shown.
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Figure 15: Alpha coalescence model cross sections at various production angles as a func-
tion of lab momentum for Ar + KCl reactions compared to experimental data [18]. Total
(red) and individual contributions from projectile (green), target (purple) and central
fireball (blue) are shown.
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Figure 16: Deuteron coalescence model cross sections at various production angles as a
function of lab momentum for C + C reactions compared to experimental data [18]. Total
(red) and individual contributions from projectile (green), target (purple) and central
fireball (blue) are shown.
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Figure 17: Triton coalescence model cross sections at various production angles as a
function of lab momentum for C + C reactions compared to experimental data [18]. Total
(red) and individual contributions from projectile (green), target (purple) and central
fireball (blue) are shown.
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Figure 18: Helion coalescence model cross sections at various production angles as a
function of lab momentum for C + C reactions compared to experimental data [18]. Total
(red) and individual contributions from projectile (green), target (purple) and central
fireball (blue) are shown.
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